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Abstract 

Calculations performed within the Standard Model suggest that 
the electroweak vacuum is unstable if the mass of the Higgs particle 
is around 125 — 126 GeV. Recent LHC results concerning the mass 
of the Higgs boson indicate that its mass is around 125.7 GeV. So it 
is possible that the vacuum in our Universe may be unstable. This 
means that it is reasonable to analyze properties of Universes with 
unstable vacua. We analyze properties of an ensemble of Universes 
with unstable vacua considered as an ensemble of unstable systems 
from the point of view of the quantum theory of unstable states and 
we try to explain why the universes with the unstable vacuum needs 
not decay. 

Key words: Unstable (false) vacuum, Quantum decay process, Cosmological 
constant problem 


1 Introduction 

In cosmology a discussion of a problem of the false vacuum and the possibility 
of its decay began from the papers by Coleman and his colleagues inia. 
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Krauss in [5] analyzing properties of the false vacuum as a quantum unstable 
(quasi-stationary) state \M) drawn an attention to the problem that there 
may exist universes in which the lowest energy state is the false vacuum 
state and such that they can survive up to the times much later than times t 
when the canonical exponential decay law holds (see also m- The study of 
cosmological models with unstable vacua have become particularly important 
in the context of the discovery of the Higgs boson and of hnding its mass rriH 
to be tiih — 125.7 [GeV] [5]. It is because the Standard Model calculations 
performed for the Higgs particle suggests that the electroweak vacuum is 
unstable if the mass of the Higgs particle is around 125 — 126 GeV mm 
Ellin], which means that our Universe may be the Universe with unstable 
vacuum. In this paper we analyze multiverse made up of ensembles of stable 
and unstable universes. The property of the universe ”to be unstable” or ”to 
be stable” is determined by properties of the vacuum state: If the vacuum 
state of the universe is a false vacuum then this vacuum state is unstable and 
it decay into the true vacuum state and thus this universe decays too. The 
decay of the false vacuum is a quantum decay process. So the quantum theory 
of unstable states seems to be an appropriate tool for the general analysis of 
the decay process of the false vacuum state and may help in understanding 
and explaining the various subtleties and properties of this process. The 
important question is under what conditions some universes can survive up 
to times much later than the canonical decay times and how long they are able 
to survive. An answer for these question can be found considering unstable 
universes as an ensemble of unstable quantum particles. 

The paper is organized as follows: In Sec. 2 one can hnd a quantum 
description of the decay process. In Sec. 3 a simplihed toy model of the 
combined process of the expansion of a Universe with unstable vacuum and 
of the quantum decay process of the unstable vacuum state is analyzed. Sec. 
4 contains analysis of the long time properties of the survival amplitude and 
connected with these properties a behavior of the decay rate as a function of 
time t. In Sec. 5 a connection of properties of the energy of the metastable 
vacuum state as a function of time t and the vacuum energy density is con¬ 
sidered. Sec. 6 contains a discussion and conclusions. 
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2 Quantum description of the decay process 


From experiments it is known that for some unstable systems decay process 
is relatively fast or very fast while for others it is slow or very slow. The 
rate of this process is characterized by parameter called the ’’lifetime” or the 
’’decay rate”. In decay experiments one has an ensemble of unstable physical 
systems in a certain area, which is surrounded by counters that detect decay 
products. The counting rate, i.e. the number of decay per second is 

proportional to the number of unstable particles N{t) in a given volume at 
instant t. The proportionality coefficient. 
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is connected with the average lifetime (or simply lifetime) of the unstable 
objects considered. Indeed, if N{t) is very large, then the ratio of N{t) by 
the initial number Nq of such object at to = 0, iVo = N{to = 0), in this area 
is the probability, V{t), of finding an unstable object in this area at a given 
instant of time t undecayed (i. e. of the survival probability V(t)): There 
is V{t) ~ N{t)/No and limi_j.oo N{t) = 0 so V{oo) = 0 and V{0) = 1. The 
number of decays 6N{t) per unit of time St equals: SN{t) ~ N{t) — N{t + St) 
and there is N{t) > N{t + St) in the case of decay process considered. Thus 


, SN(t) dN(t) 
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and the solution of Eq. ([T]) in the case —)■ 0 takes the following form 


m ^ -At 

No 


(3) 


So, in this case V{t) ~ exp [—At] and the density of the probability of de¬ 
cay at time t during the time interval dt, p-p(t), equals p-p(t) = — = 

A exp[—At] = \ V{t). It is easy to verify that p'p{t) dt = 1 as it should 

be. Using pv{t) one can End the average lifetime as 


Thus, in general 


r = 



t p-p{t){t) dt 
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where F is the decay rate. 

Within the quantum theory, similarly as in the classical physics case, the 
number of particles N{t), which at the time t has been found as a living 
in the area considered, is equal to the product of the probability, V{t), of 
hnding an unstable object in this area at a given instant of time t undecayed 
(i. e. of the survival probability V{t)) and the initial number Nq of such 
objects: 

N{t)=Vit)No. (6) 

The survival probability V{t) (or the decay law) is dehned as follows: 

V{t) = \A{t)\\ (7) 


where 

A{t) = (M|M(f)), (8) 

is the survival amplitude and \M) G (where Sj is the Hilbert space of 
states of the considered system) is the unstable (metastable) state under 
considerations, \M{t)) is the solution of the Schrodinger equation 

ih^\M{t)) = n\M{t)), (9) 

for the initial condition |M(0)) = \M), Ft is the total self-adjoint Hamilto¬ 
nian for the system under consideration. Hence \M{t)) exp [— \tl-C\ \M). 
From ([5]), ([7]) we obtain that, 

r _r(t) / 1 dA(t) 1 aA-(t) ^ 

ft U(«) at A’{t) at )' ^ ’ 

If to define the following quantity [T^ : 


hmif) 


ih dA{t) 
A{t) dt 


then the relation (fTOj) means that simply 


r{t) = -2^[hM{t)], 


( 11 ) 


( 12 ) 


where [z] denotes the imaginary parts of z (similarly, 3? [z] is the real part 
of z). 
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Now let us focus an attention on the survival amplitude A{t) and on the 
survival probability V(t) given by ([H]) and ([7]). V(t) is the probability to 
hnd the system at time t in the metastable state |M(0)) = \M) prepared in 
the initial instant to = 0. If there was suitable large number No of identical 
unstable objects at the initial instant to = 0 then according to ([6]) one should 
detect N{t) = V{t) Nq < No of them at t > to = 0 . There is no such a 
simple correspondence of V{t) with the results of measurements when one is 
able to prepare only one particle (or a few particles) at to = 0. When one 
is able to prepare at to = 0 a system containing only one unstable objects 
and to make a large number No of indistinguishable copies of this system at 
t = to then the problem reduces to the previous one: N(t) = V(t) Nq copies 
of the system will contain this unstable object undecayed at t > to = 0 . 
When there are no iVo 3> 1 copies of the system at t = to but one has to deal 
with only one particle system then one can never be sure whether one will 
detect this particle undecayed at t > to or not. This same concerns a universe 
with the metastable (false) vacuum: One can expect that an ensemble of No 
universes with unstable vacua will behave analogously as a system containing 
No unstable objects. So, let |M) = |0^) be the metastable (false) vacuum 
state of a universe considered and | 0 ^^) 7 ^ | 0 *™®), (where is the true 

ground state describing the state in which the energy of the system under 
considerations has the absolute minimum). Let this universe were created at 
the instant t = to = 0 and volume occupied by this universe at t = to = 0 
were Vq = V"(t)|t=o- Thus in fact one should take into account that there is 
|0^) = |0^; Vo), where |0^^; Vq) is the vacuum state of the universe of volume 
Vq. It is convenient to choose the normalization condition for |0^; Vq) in the 
following form, 

{Vo; = 1. (13) 

In this case an analysis of the survival probability V{t) can not give a con¬ 
clusive answer whether the universe of volume Vq will still exist in the state 
|0^; Vo) at instant t > to or not. The problem becomes much more compli¬ 
cated if to take into account that in addition to the pure quantum tunneling 
process leading to decay of the false vacuum state nua, there is another com¬ 
pletely different process forcing the universe of volume Vq to expand. This 
effect was considered in [3|, where Krauss and Dent analyzing a false vac¬ 
uum decay pointed out that in eternal inflation, even though regions of false 
vacua by assumption should decay exponentially, gravitational effects force 
the space region volume Vq that has not decayed yet to grow exponentially 
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fast. This effect causes that many false vacuum regions or many universes 
forming a multiverse can survive up to the times much later than times when 
the exponential decay law holds. What is more, particle physics can provide 
us with hints suggesting what may happen in such or similar cases: A free 
neutron is unstable and decays but the neutron inside a nucleus is subjected 
exposed to other additional interactions and does not decay. These processes 
both can be described using the survival amplitude ([H]), 

A(t) = (14) 

with suitable Hamiltonians "H. There is "H = Hw in fhe case of the free 
neutron and there is "H = 'Hw+'Hs for the neutron inside a nucleus. Here Hw 
describes weak interactions where as Hs denotes strong and electromagnetic 
interactions. For the free neutron we have |A(t)p —)■ 0 as t —?• oo. This 
property is not the case of the neutron inside the nucleus. In general, when an 
unstable particle is subjected to different interactions described by suitable 
commuting Hamiltonians, then it may happen that the decay process can be 
slowed or even stopped. So when analyzing the stability of the false vacuum 
state by means of the survival amplitude A{t) the correct conclusion can 
not be drawn if to use only the Hamiltonian Ti describing the ’’pure” decay 
through quantum tunneling. One can expect that the correct result can be 
obtained if to replace this "H in ([8]), flTT|) by the summ "H + "Hy, where "Hy 
describes more or less accurately the expansion process of the volume Vq. 


3 A simplified toy model 

Astrophysical observations lead to the conclusions that our Universe is ex¬ 
panding in time. In [3] an observation was made that in inflationary pro¬ 
cesses, even some space regions of false (unstable) vacua decay exponentially, 
gravitational effects force space in a region that did not have time to decay 
to itself to grow exponentially fast (see also m- So in general the expansion 
process affect the process of decay of the universes (domains) with the false 
vacua. The problem is how to describe this expansion so that variations in 
time of the volume V{t) occupied by the Universe had the form of Schrodinger 
Equation ([9]) or a similar form with a suitable effective hamiltonian "Hy. The 
volume V{t) is an increasing function of time t in the present epoch, so its 
evolution is non-unitary and Tiv can not be hermitian. The non-unitary 
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evolution operator solving the Schroodinger-like equation with this l-Ly and 
acting on the initial state |0 ^; Vq) should transform this state into the vector 

= a [ld(t)]h2 exp[-|ti7]|0^“'*";l/o), where a is a 
complex or real number. The simplest l-ivi which seems to be sufficient for 
the simplihed qualitative analysis of the problem, may be chosen as follows, 

nv = Hv{t) = {Ev + ihj^\Ti[a^/^{t)\)l (15) 

= {Ev + (16) 

where a{t) is the scale factor, H{t) = ^ is the Hubble parameter, a{t) = 

J^a(t) (in the general case fit) = ^^^), I is the unit operator, "Hy is the non- 
hermitian effective Hamiltonian, Ey is a real parameter having dimension of 
the energy. We are looking for the solutions of the Scrodinger equation with 
the hamiltonian {'H + 'Hy) and a matrix element of the form 0|'^(f)) 

with |'0(O)) = |0^; Vo)- So we need solutions of the following equation 

iV’(f)) = (^ + ^y) IV’(f)), (17) 

with the initial condition |'0(O)) = |0^; Vq). Here is a hermitian operator 
(Hamiltonian) responsible for the decay of the false vacuum state |0^;Vo) 
and [HyHv] = 0. Now, let be of the form 

W«)>=e-i*'«|M(()>. ( 18 ) 

and 

|M(0)) = |0'^;Ho). (19) 

Inserting ffTSj) into flTT)) one obtains 

+ e~P'^i-^\M{t)) = Ue~ \M{t)) 

(JjL 

+ e~P'^nv\M{t)), ( 20 ) 

This means that our problem comes down to hnding a solution of the follow¬ 
ing equation 

ihflM(t)} = (Ev + (21) 
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From this last equation it follows that vectors ^ \M{t)) and \M{t)) are par¬ 
allel vectors at every instant of time t. Replacing the left hand side of 
by a differential quotient, 


\M{t + 5t)) - \M{t)) 

It ’ 

leads to the conclusion that for any 5t and t (including f = 0) vectors 
6t)) and \M{t)) are the parallel vectors. It is possible only if 

\M{t)) = fit) |M(0)) ^ /(t)|0^; Vo), ( 22 ) 

where f{t) is a real or complex scalar function and /(O) = 1. Thus we can 
rewrite Eq. CD as follows 

= [Ev + ih^ln[a^/2(f)])/(f) |0^; Ro)- (23) 

Solutions of this equation have the following form, 

fit) = Nf e- e+ /o £ [a^'\x)] dx 

= I/\t), (24) 

where Nf is a normalization factor. Now inserting this solution into fl2^ and 
then using (fTSj) we obtain the solution, |t/’(t)), of Eq. flTT)) . 



|^(t)) = Nf e~ g- It'H |qM. 

(25) 

Thus 



ly^. false 

Olfjit)) = Nfe~ a3/2(t) 0| e“ |0^; R,), 

(26) 

and 

nit) 1 0R(t)) |2 = N} a\t)Voit), 

(27) 

where 

Voit) = 1 0| e- \0^; R) P, 

(28) 


is the survival probability of the system in the initial false vacuum state 
|0^; Vo) assuming that volume Vq occupied by this system remains unchanged. 




Function 7i(t) describes the combined effect of the processes of a decay and 
an expansion of the initially created universes. 

There is V{t) = a^{t) Vq but the normalization condition flT^ allows us 
to write volume V{t) as V{t) = a^{t). So 


7r{t)^NfV{t)VQ{t), 

(29) 

7T{t)NQ =NjY{t)VQ{t), 

(30) 


where Nq is the number of universes of volume Vq created at the initial instant 
to = 0 with the vacua described by |0^; Vq) and V(t) is volume occupied by 
all these universes at the instant f > 0 and it corresponds with N{t) in 
dSD- Relations (I5U]) describe the combined effect of the processes of a 
decay and of an expansion of the initially created universes of volumes Vq. In 
the case when the disintegration process is the dominant process then 7r(f) 
appearing in fl30|l is a decreasing function of time t and it tends to zero as 
f —)■ cxo. If the expansion process prevails over the decay process or these 
processes both are in balance then 7r{t) is non-decreasing function of t. In 
such a case 




(31) 

that is, 





= 

- £^)W{t)VQ{t) > 0. 

(32) 

So, if there exists such t = 

ti > 0 that for all t >tL the relation. 


dH,r = SH{t) - > 0, 

n 

(33) 


takes place then the function 7r{t) is a non-decreasing function of time t (it 
increases or is constant in time). This means that in such a case the decay 
process of the volumes V{t) = a^{t) Vq should be stopped. Therefore if some 
universes had the luck to survive until time such that for all t > the 
relation fl33|) was fulfilled then these universes should be found undecayed at 
all times t latter then t^. 
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4 Decay rate r{t) 

From basic principles of quantum theory it follows that the amplitude A{t), 
and thus the decay law V{t) of the unstable state |M), can be completely 
determined by the density of the energy distribution uj{E) for the system in 
this state 


A{t) = [ u{E) e~~nE^dE. 

J Spec.{'H) 


(34) 


where > 0. 

In [in] assuming that the spectrum of 'H must be bounded from below, 

Spec.{71) o'('H) = [Emin,oo) and Emin > —oo, and using the Paley- 

Wiener Theorem m it was proved that in the case of unstable states there 
must be 

|^(^)| > for |t| ^ oo, (35) 

(where i? > 0, 6 > 0 and 0 < g < 1). This means that the decay law 
V{t) of unstable states decaying in the vacuum can not be described by an 
exponential function of time t if time t is suitably long, t —)■ oo, and that 
for these lengths of time V{t) tends to zero as t —)■ oo more slowly than any 
exponential function of t. The analysis of the models of the decay processes 
shows that V(t) ~ exp[—to a very high accuracy from t suitably 
later than the initial instant to = 0 up to t 3> tm, (where tm = h/F^ is 
the life-time of the state |M), F^ is the decay width of the unstable state 
|M) calculated within the one pole approximation [IB]), and smaller than 
t = T, where T is the crossover time and denotes the time t at which the 
non-exponential deviations of A{t) begin to dominate. 

In general, in the case of quasi-st at ionary (metastable) states it is con¬ 
venient to express A{t) in the following form 

A{t) = Aexp{t) + Ait{t), (for t > Tm), (36) 

where Aexp{t) is the exponential part of A{t), that is Aexp{t) = N exp[— ^t{E^ 
— I F^)], (A^ is the normalization constant, E^ is the energy of the system 
in the unstable state \M) calculated within the one pole approximation), 
and Ait{t) is the late time non-exponential part of A{t). For times t ~ tm'- 
|^ea;p(^)| ^ \Ait{t)\. The crossover time T is the time when contributions to 
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the survival probability V{t) of its exponential and late time non-exponential 
parts are the same: 

= IMtr. (37) 

and T is the solution of this equation. 

In an experiment described in the Rothe paper [T9|, the experimental 
evidence of deviations from the exponential decay law at long times, later 
than the crossover time T, was reported. This result gives rise to another 
problem which now becomes important: If (and how) deviations from the 
exponential decay law at long times affect the energy of the unstable state 
and its decay rate at this time region. 

From relations ([7]), ffTOj) . flT2|) it is seen that the amplitude A{t) contains 
information about the decay law V{t) of the state \M) and about the decay 
rate r{t). It was also shown that using (ITT]) the information about the energy 
EMif) of the system in the unstable state considered can also be extracted 
from the survival amplitude A{t)\ The energy of the system in the unstable 
state \M) (the instantaneous energy), EMit), is equal to the real part of the 
effective hamiltonian Hm (f) (see eg. [H]), 

EM{t) = 5^ [hMit)]- (38) 

From the bound (l3^ for the amplitude A{t) and from ([7j) it follows that 
at long time region the lowest bound for the survival probability V{t) has 
the form 

P(f) ~ for |f|^cx). (39) 

This and the relation ([5]) lead to the conclusion that (see IIZI) 

r{t) ~ 2hbqt^~^ for \t\ —)■ oo, (40) 

and thus F(f) —)■ 0 as f —>■ cx). A more accurate estimation of r(t) can be 
found using the amplitude A(t) instead of the bound fl35|) for the modulus 
\A{t)\ of A{t). 

So let us assume that we know the amplitude A{t). Equivalently it is 
sufficient to know the energy distribution oj{S) of the system in the unstable 
state considered: In such a case A{t) can be calculated using fl341) . Then 
starting with the A{t) and using the expression ffTTj) one can calculate the 
effective Hamiltonian hM{t) in a general case for every t. Thus, one can End 
expressions for the instantaneous energy and the instantaneous decay rate of 
the system in the state \M) under considerations at canonical decay times 
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t ~ tm T , transition times t ^ T and asymptotically late times t T 
(for details see: [201 El I22]i. 

The integral representation flMj) of A{t) means that A{t) is the Fonrier 
transform of the energy distribntion fnnction u{E). Using this fact we can 
hnd asymptotic form of A{t) for t —)■ oo, that is Ait{t) |2T] . 

Let us assume now that \\m.E^E^i^+ oj{E) wq > 0 and 

u{E < Emin) = 0. Let derivatives oj^^\E)^ (A; = 0,1, 2,... , n), be continuous 
in [EminiOo]^ (that is let for E > Emin all oj^^\E) be continuous and all 
the limits uj^^^E) exist) and let all these u:^^\E) be absolutely 

integrable functions then 

A{t) ~ -je- = Ait{t), (41) 

t—>-co fc=0 

where = \iuiE^E^,„+ oj^^\E) (see [2ll[22]). 

Let us consider now u:{E) having universal and general form. Namely let 
u:{E) be of the form 

U}{E) = {E - Emin)^ r]{E) G Li(-cx), cx)), (42) 

where 0 < A < 1 and it is assumed that rj^Emin) > 0, r}{E < Emin) = 0 
and derivatives rj^’^^E), {k = 0 , 1, • • • ,'^), exist and they are continuous in 
[-^min 1 cx)), and limits lim^^£;^^^_i_ 7]^ ^(U) exist, lim^^oo (U Emin) ^i.^) 

0 for all above mentioned k, then [21] 


A(t) 


(_1) e _ y)^^'r(A + 1) r^o 


t—>-oo 


+ AI-- 


ih\ -’^+2 


j r(A + 2)r7o^ + ... — Ait{t), 


(43) 


where r(z) is the Euler’s Gamma Function. 

Starting from the asymptotic expression (H3|l for A{t) and using (ITTll after 
some algebra one finds for times T that 


7 / M 7—1 / , zh/.o 

hM{t)\^^^ ~ Emin + (“ y) Cl + (- y) C2 + . . . , 


( 44 ) 


where c* = c*, i = 1, 2,... , (coefficients c* depend on u{E)). 
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( 45 ) 


This last relation means that (see [23]). 

r{t) ~ 2ci I - 2 c 3 ^ , (fort>T), 

and similarly 

EM(t) ~ Emin - C 2 ^ + C4 ^ + ..., (for t > T), (46) 

These properties take place for all unstable states which survived up to times 
t S> T. From (H 6 |l it follows that hmi_j.oo Euit) = Emin- 

For the most general form (1421) of the density u:{E) (i. e. for A{t) having 
the asymptotic form given by (1431) ) we have 

Ci = A + l>0. C2 = (A + I)kh^ > 0, (47) 

The sign of C2 depends on the model considered. 

The typical form of the survival probability V{t) = | 2 l(t)p at transition 
times is expressed below in panel A of Fig ([T]) and Fig (E]). The behavior 
of r{t) at canonical decay times t T, at transition times t ^ T and 
asymptotically late times t ^ T expressed in panel B of Figs (II]) and o 
is the direct, mathematical consequence (by flTT]) and fl38|) i of properties of 
the amplitude A{t) at these time regions. It is seen from these Figures that 
at times t T, r{t) ~ to a very high accuracy, then rapid and large 
fluctuations of r{t) occur at the transitions time region t ^ T, and for very 
late times, t ^ T, r{t) ^ 0 as t ^ oo according to the result fl4^ . 

There is a widespread belief that quantum theory accurately depicts real¬ 
ity. This belief is based on the facts that predictions of the quantum theory 
were conhrmed experimentally to a very high accuracy. So it should be ex¬ 
pected with probability close to certainty that the experimental conhrmation 
of the presence of late time deviations from the exponential decay [ 12 ] means 
that effects shown in panel {B) of Figs ([T]) and ([ 2 ]) should take place too, and 
should manifest itself under suitable conditions. Results presented in Figs 
o. 0 were obtained for the Breit-Wigner energy distribution function. 


assuming for simplicity that {E^ — Emin )!= 10. 


( 48 ) 
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5 Instantaneous energy EM{t) and the vac¬ 
uum energy density 


As it was mentioned in Sec. 2 in |3] the idea was formulated that in the case 
of the metastable vacuum states some space regions or universes can survive 
up to the times much later than times when the exponential decay law holds. 
In the mentioned paper by Krauss and Dent the attention was focused on 
the possible behavior of the unstable false vacuum at very late times, where 
deviations from the exponential decay law become to be dominat. In [23] 
it was concluded that such an effect has to change the energy, of the 
system in the false (metastable) vacuum state at these time t so that at very 
long times —)■ EMif) and at these times the typical form of EMif) looks 

as it is expressed in the formula of the type of fl36|) . 

The typical behavior of the energy EMif) at canonical decay times t <^T, 
at transition times t T and asymptotically late times t S> T is shown in 
panels (C) of in Figs ([I]), (|2|) (see also [23]) where the function 


nit) 


— Er, 

RO _ I? , 


(49) 


is presented. The red dashed line in these Figures denotes the value 


n{t) = 1, (t < T), 


(50) 


that is EMit) = E^^. Note that there is E'lj > Emin- From these Figures it 
is seen that for t < T we have EMif) = E^ whereas for f > T there is 

EMit) - Emin ~ ± C2 (t > T). (51) 

When one considers a meta-stable (unstable or decaying) vacuum state, 
\M) = |0^), the following important property of ^(f) is useful: 


K(f) 


EMit) Emin 
Em Emin 

Puit) — pb are 
Pm Pbare 


(52) 


where Pm(^) = EMit)/V is the density of the vacuum energy in the decaying 
vacuum state considered, V is a volume, = E^/V is the density of the 
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Figure 1: Typical form of the decay curve (panel (^4)), the decay rate (panel 
{B)) and instantaneous energy (panel (C')) of an unstable state as a function 
of time. Axes: In all panels x = t/rM (The time t is measured as a multiple 
of the lifetime tm)] Panel (A) — y = V{t) (the logarithmic scale) — the 
survival probability; Panel (B) — y = r(f)/r^; Panel (C) — ^(f) (The 
instantaneous energy in relation to the energy measured at canonical decay 
times). The horizontal dashed line y = 1 represents in Panel {B) the value 
of r(t)/r^ = 1 whereas in Panel (C) it represents n(t) = 1 
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Figure 2: Enlarged part of Fig ([T]) showing the behavior the survival prob¬ 
ability V{t), decay rate r{t) and E{t) at the of the transition times region. 
Axes: y = r{t)/r^, x = t/xM- The horizontal dashed line y = I represents 
in Panel {B) the value of r{t) = whereas in Panel (C) K{t) = 1 


vacuum energy at times t < T, p^are = Emin/V is the energy density in the o 
the true (bare) vacuum state, i.e., in the true ground state 

of the system. 
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From the last equations the following relation follows 


PAlit') Pbare ^Pm Pbare) K(t 'j. 

Thus, because for t < T there is K{t) = 1, one hnds that 

pM{t) = pIi, for t < T, 


whereas for f 3> T we have 

Plvlit') Pbare (.Pm Pbare') — i ^2 i 

Analogous relations (with the same K,{t)) take place for A{t) = puit)- 
The important property of K,(t) is a presence of rapid fluctuations of the 
high amplitude for times t T. This means that that in the case of a de¬ 
caying (unstable) vacuum analogous fluctuations of the energy density pMif) 
and A(t) should take place for t T . So if our Universe is the Universe with 
the unstable vacuum as the mass of Higgs boson suggests then in agreement 
with ideas expressed in |3] and we can conclude that our Universe is at the 
region of times described by the form of K{t) for t^T. 

If one prefers to consider A(t) instead of pMif) then one obtains, 


A(t) ^bare (-^0 A^^re) 

K(t), 

(54) 

or. 

A(t) ^bare (Aq ^bare^ 
where Aq = ^ and A^^re = ^ pbare- 

K(t), 

(55) 


One may expect that Aq equals to the cosmological constant calculated 
within quantum held theory [25]. From fl55|) it is seen that for t < T, 


AM(t)^Ao, for (t<T), (56) 

because fi:(f < T) ~ 1. Now if to assume that Aq corresponds to the value 
of the cosmological constant A calculated within the quantum held theory, 
than one should expect that [25] 


Aq 


> 10 


120 


(57) 
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(see |25]) which allows one to write down Eq. dSB]) as follows 

AM(t) - J^hare + Aq K{t). (58) 

Note that for t S> T there should be (see dSSD) 

. , . SttG , ^ r f 

AoK{t) -^ 62 ^, for (t>T), 

that is 

AM{t) ^ Abare± for (t>T), 
where 0 "^ = f 0 d 2 and the sign of 0 "^ is determined by 

6 Discussion and conclusions 

The problem how the process of expansion of an universe and its decay 
process affect together on this universe is analyzed in Sec. 3. The possible 
result of these combined processes is characterized by the condition ([33]). 
The obvious next step of considerations performed in Sec. 3 and Sec. 4 is 
to apply results obtained therein to analyze the possible future behavior of 
the universe with unstable vacuum. In the case of very late times it can be 
done inserting into fl33l) . eg. the present value of the Hubble expansion rate 
H{t) = if (to) = Hq and the late time asymptotic form of the decay rate r{t) 
given by relations f|45l) and (07]), 

r(t)~2(A + l)- (fort>T), (61) 

t 

where the the coefficient C 3 in f05]) is neglected, and assuming that t = t^, 
(where to is the age of the our Universe). The only problem is to choose the 
appropriate value of A in (071) . If to choose A appearing in the case of the 
decays into two particles, that is, A = 1/2 (see, eg. [26|) , then inserting into 
fl33]) the present values of Hq and to [5| one obtains that 

dH,r ^ -3.1707 X 10"^^ < 0. (62) 

This result suggests that in such a case the Universe can decay at suitable 
late times, but such a conclusion can not be considered to be decisive and 
hnal. First, taking into account the neglected term C 3 ^ in (1611) can result in 


(59) 

(60) 

the sign of d 2 - 
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changing the sing of dn^r- The second, there is no certainty that the choice 
A = 1/2 is the correct choice. In fact, it is not known what value of A is 
correct for decays of the unstable vacuum states and this problem requires 
further studies. 

It appears that for suitable values of A the parameter dH,r is nonnegative. 
The solution of the equation 

da.r ='3i/(() - = (63) 

which follows from fl33|) and (l6T]) is 

A = 0.43097. (64) 

This solution is obtained for the same values of H(t) = Hq and t = to which 
were used to hnd the result fl6^ . The result fl6T|) means that there should be 

dH,r >0 for 0 < A < 0.43097, (65) 

and 

dH,r <0 for A > 0.43097, (66) 

within the considered late time approximation flhTll for r{t). So if the energy 
distribution uj{E) for the universe in the metastable vacuum state is given 
by the relation fj42ll with such A that 0 < A < 0.43097 then, rather such 
a universe should not decay. This conclusion show how important is to 
hnd oj{E) and thus A for the metastable vacuum state of the universe. To 
complete this discussion let us note that the Breit-Wigner energy distribution 
function fl45]l corresponds to the case A = 0. The another reason to study 
properties of the metastable vacuum state and thus uj{E) for such states is 
that the knowledge of the correct uj{E) is necessary when one wants to hnd 
proper values and signs of the coefficients C 2 appearing in relations and 
60 and then d 2 in fl53D . 

Parametrization following from quantum theoretical treatment of meta¬ 
stable vacuum states can explain why the cosmologies with the time-depen¬ 
dent cosmological constant A{t) are worth considering and may help to ex¬ 
plain the cosmological constant problem [23 |28] . The time dependence of A 
of the type A(t) = A^are + ^ was assumed eg. in [29] but there was no any 
explanation what physics suggests such a choice of the form of A. Earlier 
analogous form of A was obtained in [50], where the invariance under scale 
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transformations of the generalized Einstein eqnations was stndied. Snch a 
time dependence of A was postnlated also in [21] as the resnlt of the analysis 
of the large nnmbers hypothesis. The cosmological model with time depen¬ 
dent A of the above postulated form was studied also in [32] and in much 
more recent papers. 

The nice feature and maybe even the advantage of the formalism pre¬ 
sented in Sections 4 and 5 is that in the case of the universe with metastable 
(false) vacuum if one realized that the decay of this unstable vacuum state is 
the quantum decay process then it emerges automatically that there have to 
exist the true ground state of the system that is the true (or bare) vacuum 
with the minimal energy, Emin > —oo, of the system corresponding to this 
vacuum and equivalently, = Emin/y) or Afea^e- What is more, in this 

case such A = A(t) emerges that at suitable late times it has the form de¬ 
scribed by relations fl58|) — fl60|) . In such a case the function nit) given by the 
relation fl49|) describes time dependence for all times t of the energy density 
Puit) or the cosmological ’’constant” Aj^it) and it general form is presented 
in panels (C) in Figs ([I]) and (]2|). Note that results presented in Sections 
4 and 5 are rigorous. The formalism mentioned was applied in [321 124] 122] . 
where cosmological models with A(t) = Abare ± ^ were studied: The most 
promising result is reported in [25] where using the parametrization following 
from the mentioned quantum theoretical analysis of the decay process of the 
unstable vacuum state an attempt was made to explain the small today’s 
value of the cosmological constant A. This shows that formalism and the 
approach described in this paper and in [221 EH l2S] is promising and can 
help to solve the cosmological constant and other cosmological problems and 
it needs further studies, especially it to take into account the LHC result 
concerning the mass of the Higgs boson ^ and cosmological consequences of 
this result. 


Acknowledgments 

The work was supported in part by the NCN grant No DEC-2013/09/B/ST2/03455. 


References 

[1] S. Coleman, Phys. Rev. D 15, 2929 (1977). 


20 


[2] C.G. Callan and S. Coleman, Phys. Rev. D 16, 1762 (1977). 

[3] L. M. Krauss, J. Dent, Phys. Rev. Lett., 100, 171301 (2008). 

[4] S. Winitzki, Phys. Rev. D 77, 063508 (2008). 

[5] K. A. Olive, et al, Chinise Physics C, 38, No 9, 1 (2014). 

[6] G. Isidori, R. Ridolf, A. Strumia, Nucl. Phys. B 609, 387, (2001). 

[7] A. Kobakhidze, A. Spencer-Smith, Phys. Lett. B 722, 130, (2013). 

[8] G. Degrassi, et a/.,JHEP 1208 (2012) 098. 

[9] J. Elias-Miro, et al, Phys. Lett. B 709, 222, (2012). 

[10] Wei Chao, et al, Phys. Rev. D 86, 113017, (2012). 

[11] A. Rohm, Quantum Mechanics: Foundations and Applications, 2°'^-ed., 
Springer 1986. 

[12] K. Urbanowski, Phys. Rev. A 50, 2847, (1994). 

[13] T. Mercouris and C. A. Nicolaides, Phys. Rev. A 65, 012112, (2001). 

[14] S. Krylov, V. A. Fock, Zh. Eksp. Teor. Fiz. 17, (1947), 93. 

[15] L. Fonda, G. G. Ghirardii and A. Rimini, Rep. on Prog, in Phys. 41, 
587 (1978). 

[16] L. A. Khalhn, Zh. Eksp. Teor. Fiz. 33, (1957), 1371 [Sov. Phys. — JETP 
6 , (1958), 1053]. 

[17] R. E. A. G. Paley, N. Wiener, Fourier transforms in the complex domain, 
American Mathematical Society, New York, 1934. 

[18] V. F. Weisskopf, E. T. Wigner, Z. Phys. 63, 54, (1930); 65, 18, (1930). 

[19] G. Rothe, et al, S. 1. Hintschich and A. P. Monkman, Phys. Rev. Lett. 
96, 163601 (2006). 

[20] K. Urbanowski, Gent. Eur. J. Phys. 7, (2009), 696; DOI;10.2478/sll534- 
009-0053-5. 


21 



[21] K. Urbanowski, Eur. Phys. J. D 54, (2009), 25. 

[22] F. Giraldi, Eur. Phys. J. D, 69; 5 (2015). 

[23] K. Urbanowski and K. Raczyhska, Phys. Lett. B 731, 236 (2014). 

[24] K. Urbanowski, Phys. Rev. Lett., 107, 209001 (2011). 

[25] M. Szydiowski, Phys. Rev. D 91, 123538 (2015). 

[26] M. L. Goldberger, K. M. Watson, Collision theory, Wiley, New York, 
1964. 

[27] S. Weinberg, Rev. Mod. Phys. 61, 1 (1989). 

[28] S. M. Garroll, The Gosmological Gonstant, Living Rev. Relativity, 3, 
(2001), 1; http://www.livingreviews.org/lrr-2001-l, 

[29] J. L. Lopez and D. V. Nanopoulos, Mod. Phys. Lett. A 11, 1 (1996). 

[30] V. Ganuto and S. H. Hsieh, Phys. rev. Lett. 39, 429, (1977). 

[31] Y. K. Lau and S. J. Prokhovnik, Aust. J. Phys., 39, 339, (1986). 

[32] M. S. Berman, Phys. Rev. D 43, 1075, (1991). 

[33] K. Urbanowski and M. Szydiowski, AIP Gonf. Proc. 1514, 143 (2013). 

[34] M Szydiowski, A Stachowski and K Urbanowski, Journal of Physics: 
Gonference Series 626, 012033, (2015). 


22 


